Abstract: In this paper, we establish the approximate controllability of a class of distributed bilinear systems evolving in a spatial domain Ω. A bounded feedback control is used to drive a dynamical system from an initial state to a desired one in finite time, only on a subregion ω of the system domain. Our purpose is to prove that an regional optimal control exists, and characterized as a solution to an optimality system. Numerical approach is given and successfully illustrated by simulations.
Introduction
Let Ω be an open bounded domain in IR n (n = 1, 2, 3), with a regular boundary ∂Ω. 
where A generates a strongly continuous semigroup (S(t)) t≥0 of bounded linear operators the Banach space L 2 (Ω) see [11] . We assume that B : L 2 (Ω) −→ L 2 (Ω) is a linear bounded operator. Let U M = {Q ∈ L ∞ ([0, T ]) | − M ≤ Q(t) ≤ M } the control space, M is a positif constant. The system (1) is bilinear relative to the pair (Q, u), and its solution u is a nonlinear function on u see [2] .
For a given u 0 ∈ L 2 (Ω), (1) written as u Q (x, t) = S(t)u 0 (x) + t 0 S(t − s)Q(s)Bu Q (x, s)ds.
and solutions of (2) are often called mild solutions of (1) . The existence of a unique solution u Q (x, t) in C([0, T ]; L 2 (Ω)) satisfying (2) , follows from standard results in [2] . The interest of these systems lies in the fact that many naturel and industrial process have intrinsically bilinear structure.
The increasing demand for groundwater as a drinking water resource requires the development of remediation methods. The damage caused by contaminants to the groundwater varies spatially due to the migration of the contaminants through the water and soil. Optimal control strategies for realistic contaminant transport models can expedite the remediation efforts.
Consider saturated flow through an idealized tube packed with soil which contains some contaminant. the initial concentration of contaminant along the length of the tube is known. A fluid will be pumped through the tube to remove the contaminant. The contaminant concentration is represented by u(x, t) with x denoting the length along the tube axis measured from flow entrance (x = 0) to its total length (x = L) and t denoting time. The contaminant concentration satisfies the solute transport equation,
The function υ(t) is the convective velocity due to the fluid pumped into the tube. The coefficient κ is the "dispersion-diffusion" coefficient, which reflects the effects of the diffusion of the solute in the water as well as the dispersive effects of the water flowing through the soil pores.
To understand optimal control of the parabolic bilinear equation (3) governing groundwater flow, consider the performance criterion (cost functional)
for a positif constants α, β which is a combination of the final amount of contaminant and the cost of applying the control. Lenhart 1995 characterized the optimal control solution of (4). For background on infinite dimensional distributed bilinear systems as (1), see [2] . To point at some of the relevant literature for problem under investigation [9, 3] . They used controls acting through Q(t)u.
Here our control being a time-dependent scalar coefficient in the bilinear term Q(t)Bu as considered by [1] , but for more general operator A and B.
Recently the concept of regional analysis for infinite dimensional systems were developed by El Jai and Zerrik, see [6] , and concerns the study of the classical analysis notions (controllability, observability , stability and so on) only on a subregion ω of the system evolution domain Ω.
The system (1) is said to be approximately controllable in ω ⊂ Ω, if for all
is the restriction operator to ω. The principal reasons for considering these regional notions is that, they are close to real applications, there exists systems which are controllable in some subregion ω ⊂ Ω but not controllable in the whole domain Ω, and controlling regionally a system is cheaper than controlling it in the whole domain, see [6] .
In the last ten years there has being an increasing interest in the study of regional analysis for systems of parabolic and hyperbolic equations, see for instance [6, 15] , and [13] .
In this paper our main result is solving the regional bilinear controllability problem of distributed systems expressed by
where J is the functional
η > 0 is a positive constant. This problem was considered by (Zerrik and al. 2011 see [14] ) and solved using unbounded control set, which is difficult from numerical point of view. Here we deal with the problem (5), where the control is bounded, this case is the most natural, and often encountered in real applications. To characterize the optimal control solution of the above problem, we propose an approach based on quadratic cost control problem see [3] , which involves the minimization of the norm control and the final state error. This is the aim of this paper and is organized as follows:
We will discuss in the second section, the quadratic cost control problem associated to (5) . We show the existence of an optimal control by a minimizing sequence argument. And, we derive a characterization for optimal controls, using the solution of an optimality system, that consists of the equation (1) coupled with an adjoint equation. In Section 3, we give a numerical approach which leads to an algorithm, that we illustrate in Section 4 through numerical simulations.
Regional Quadratic Control Problem
The goal of this section is to justify that the minimum of problem 5 can be achieved, and to characterize an optimal control Q * ∈ U M Theorem 1. There exists a pair (ū,
and Q * is a optimal control which minimizes the objective functional J(Q) over U M .
Proof. The solutions u Q (x, t) of the equation (1) are weak solutions in W = L 2 (0, T ; L 2 (Ω)) see [10, 5] .
Using (2) , and the bound C of the strongly continuous semigroup (S(t)) t≥0 in all finite interval of [0, T ] see [11] , we have
Using Gronwall inequality, see [2] , we obtain
with
The set {J(Q) | Q ∈ U M } is nonempty and bounded from below. Let the minimizing sequence {Q n }, n = 1, 2..., be such that
, we conclude from (8) , that ||u n || W are uniformly bounded independently of n.
From the priori estimates we deduce that
where M i , {i = 1, 2, 3} are positive constants. From these bounds, there exist subsequences with the following convergence properties:
classical argument, see [10] , we verify thatū(0) = u 0 , and we can pass to the limit in equation (1), associated with (Q n , u Qn ) as n −→ ∞. Thenū ′ = Ψ , Aū = χ and Q * Bū = Λ. Consequentlyū = u(Q * ). Now we verify that Q * is an optimal control. Using the lower semi continuity of the norms, (applying Fatou's Lemma), we deduce
then Q * is an optimal control. 
To obtain a characterization of the optimal control, we must derive the optimality system by differentiating the cost functional J(Q) with respect to the control Q.
We examine the differentiability of Q −→ u(Q) with respect to Q.
Lemma 3. The map
is differentiable in the following sense:
Using (8) and Remark 2, we obtain
where C 2 is independent of ǫ since the bound on ||u ǫ || L ∞ (0,T ;L 2 (Ω)) is independent of ǫ, and the weak convergence to ψ is obtained. We also have
, we conclude that ψ satisfies (11).
We have also the weak convergence of the traces
see [9] .
We are ready to characterize the optimal control, by deriving the optimality system through differentiating J(Q) with respect to Q at an optimal control. Theorem 4. Given an optimal control Q * in U M , and the corresponding solutionū = u(Q * ) to (1), the adjoint equation
has a unique solution p ∈ W .
A * the adjoint operator of the operator A, generates a strongly continuous semigroup (S * (t)) t≥0 of bounded linear operators on L 2 (Ω), and B * is the linear bounded operator adjoint of the operator B, χ * ω is the adjoint operator of χ ω , defined from L 2 (ω) −→ L 2 (Ω), and given by
Proof. Consider Q ∈ U M and let h ∈ L ∞ (0, T ) such that Q + ǫh ∈ U M for ǫ > 0. The derivative of J(Q) with respect to Q in the direction h satisfies.
Integrating by parts, yields
The system (11) gives
And using the system (13) we obtain
Thus, using the arbitrary variation of h, and bounds on the control set, we have
Numerical Approach
Consider the one dimensional system
and the problem (5), which solution Q * is given by the formula
whereū = u(Q * ) solution of (20), p is solution of the adjoint equation associated to (20), and given by
The following result enables us to simplify the above expression of Q * (t).
Proposition 5. Consider the system (20), for M large enough, the optimal control is given by
Proof. Since Q = 0 ∈ U M , we have,
where u 0 satisfies (20) with control Q = 0 and Q * ∈ U M is an optimal control. Thus
and Gronwall's inequality implies,
which is bounded independently of M . And by the same method, one obtain
which is also bounded independently of M . From (19) and for ω ∈]0, 1[, we obtain
Corollary 6. An optimal control Q * , the corresponding stateū, and the adjoint state p are necessarily linked by the following relations:
The computation of an optimal control, solution of the problem (5), can be realized by the following formula
where u n is the solution of (20) associated with Q n , and p n is the solution of the adjoint equation
which allows to consider the following algorithm.
Algorithm

⊲
Step 1 : Initialize system data.
u 0 , Q 0 = 0, and desired state u d . Define threshold accuracy ε, subregion ω and time T .
Solve the equation (20), which gives u n (t). Solve the equation (28), which gives P n (t). Compute Q n+1 by the formula (27).
Step 3 : The control Q n steers the system (20) to the desired state u d at time T .
Simulations
Consider the system (20), with λ = β = 0.01, and the problem (5) with η = 
Conclusion
We consider a regional quadratic problem for distributed bilinear systems. The developed approach allows us to asses the fitness of the finale state to a pre- timal control is proved and characterized through the differentiability method. Moreover, we developed a numerical approach that leads to implicit formula for the optimal control for the regional quadratic control problem. The obtained results are successfully tested through numerical examples. Questions are still open: the case of bilinear hyperbolic system, which is under consideration, and the work will appear in a separate paper.
